Comparing galaxies across redshifts at fixed cumulative number density is a popular way to estimate the evolution of specific galaxy populations. This method ignores scatter in mass accretion histories and galaxygalaxy mergers, which can lead to errors when comparing galaxies over large redshift ranges (∆z > 1). We use abundance matching in the ΛCDM paradigm to estimate the median change in cumulative number density with redshift and provide a simple fit (+0.16 dex per unit ∆z) for progenitors of z = 0 galaxies. We find that galaxy descendants do not evolve in the same way as galaxy progenitors, largely due to scatter in mass accretion histories. We also provide estimates for the 1σ range of cumulative number densities corresponding to galaxy progenitors and descendants. Finally, we discuss some limits on cumulative number density comparisons, which arise due to difficulties measuring physical quantities (e.g., stellar mass) consistently across redshifts. A public tool to calculate cumulative number density evolution for galaxies, as well as approximate halo masses, is available online.
INTRODUCTION
Galaxy surveys spanning a range of redshifts (see, e.g., Grogin et al. 2011; Coil et al. 2011; Whitaker et al. 2011; McCracken et al. 2012; Muzzin et al. 2013b ) have allowed self-consistent studies of galaxy evolution over cosmic time. Yet, comparing specific populations of galaxies across redshifts to determine the properties of their progenitors and descendants requires an assumption for how galaxies evolve. An easy and popular approach is to compare galaxy properties at fixed cumulative number density over several redshifts (e.g., Wake et al. 2006; Tojeiro & Percival 2010; Brammer et al. 2011; Papovich et al. 2011; Tojeiro et al. 2012; van Dokkum et al. 2013; Leja et al. 2013 and references therein) . This approach ignores galaxy-galaxy mergers and scatter in mass accretion histories, which both affect the median cumulative number density of a galaxy population (Leja et al. 2013; Lin et al. 2013; Behroozi et al. 2013b) . Because individual galaxy merger and star formation histories are not well-constrained, more advanced comparisons have used either semi-analytical or semi-empirical galaxy-halo connections to infer galaxy evolution from simulated dark matter merger histories (e.g., Conroy & Wechsler 2009; Leitner 2012; Behroozi et al. 2013b; Moster et al. 2013; Wang et al. 2013; Lu et al. 2012; Leja et al. 2013; Lin et al. 2013; Mutch et al. 2013; Lu et al. 2013 , and references therein).
Previous work has addressed how cumulative number density changes for median progenitor or descendant galaxies (Leja et al. 2013; Lin et al. 2013) . In this paper, we explicitly contrast progenitor and descendant galaxy evolution, and also address the significant scatter in progenitor and descendant galaxy cumulative number densities. Here, we use abundance matching to identify galaxy cumulative number density with dark matter halo cumulative number density. Using merger rates in dark matter simulations, we estimate the redshift evolution in the median and 1σ range in cumulative number density for any co-evolving galaxy population. We discuss details of the method in §2, results in §3, interpretations in §4, and conclude in §5. In this work, we assume a flat, ΛCDM cosmology with parameters Ω M = 0.27, Ω Λ = 0.73, h = 0.7, n s = 0.95, and σ 8 = 0.82.
METHOD

Abundance Matching Technique
To account for mergers and scatter in mass accretion histories, we use abundance matching between galaxies and dark matter halos in simulations (see, e.g., Behroozi et al. 2010 Behroozi et al. , 2013a Moster et al. 2010 Moster et al. , 2013 Trujillo-Gomez et al. 2011; Yang et al. 2012; Reddick et al. 2013) . Matching galaxies to halos means that halo merger trees can be converted into galaxy merger trees (c.f. Hopkins et al. 2010) . A full exploration of the information in these trees is beyond the scope of this paper, which we limit to the evolution of the mostmassive or most-luminous progenitor and descendant galaxies.
Many ways exist to abundance match observed galaxies to dark matter halos in simulations (see Reddick et al. 2013 , for a review). We match galaxies in rank order of decreasing stellar mass (or luminosity) to dark matter halos in rank order of decreasing peak historical halo mass. 6 Abundance matching in this sense has been used successfully to reproduce galaxy clustering as a function of stellar mass or luminosity 7 and redshift, as well as galaxy conditional stellar mass functions (Conroy et al. 2006; Moster et al. 2010; Reddick et al. 2013; Watson & Conroy 2013 ).
1. Convert a galaxy cumulative number density at redshift z 1 to a halo mass with equal cumulative number density, using peak halo mass functions from Behroozi et al. (2013b) .
2. For halos at that mass at z 1 , record the masses of the most-massive progenitor (or descendant) halos at z 2 , according to the halos' mass accretion histories (Behroozi et al. 2013d ).
3. Convert the median halo progenitor/descendant mass at z 2 , along with the 68 th -percentile (∼ 1σ) range of progenitor/descendant halo masses, into cumulative number densities using the halo mass function at redshift z 2 .
This method takes as input an initial cumulative number density, an initial redshift, and a final redshift. The resulting final cumulative number density therefore does not depend on any additional properties of the initial galaxy population, such as stellar mass or luminosity. That said, inferred properties such as the change in the galaxies' stellar mass or luminosity will depend on the stellar mass or luminosity functions used (see §4.2).
We provide a public implementation of this technique.
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As this process converts galaxy cumulative number densities into halo masses, our implementation also prints these out for convenience. We currently do not consider scatter in stellar mass/luminosity at fixed halo mass; to the extent that merger rates per unit halo and specific mass accretion rates are weak functions of halo mass (Fakhouri & Ma 2008; Fakhouri et al. 2010; Behroozi et al. 2013b ), this scatter represents a second-order correction to the median cumulative number density evolution. For the 68 th -percentile range in progenitor/descendant cumulative number densities, this scatter may be more important, which is discussed in §4.2.
Dark Matter Simulation
We use the Bolshoi simulation , which used the ART code (Kravtsov et al. 1997) to simulate a dark matter-only (250 h −1 Mpc) 3 cosmological volume with 2048
FIG. 1.-The evolution in median cumulative number density of the progenitors of 10 9 , 10 10 , 10 11 , and 10 11.5 M ⊙ galaxies at z = 0.1. The change in cumulative number density for the three lower-mass galaxies is excellently fit by (0.16∆z) dex. The 68 th -percentile range of the corresponding progenitor cumulative number densities (error bars) grows more rapidly for larger halos.
FIG. 2.-The evolution in median cumulative number density of the descendants of 10 10 M ⊙ galaxies at four separate starting redshifts (z = 1.15, 2, 3.5, and 6). Contrast with the cumulative number density evolution of progenitors above.
FIG. 3.-The fraction of descendants which have been lost due to mergers with a larger galaxy as a function of redshift, for 10 10 M ⊙ galaxies at four separate starting redshifts (z = 1.15, 2, 3.5, and 6). (Muzzin et al. 2013a) for 0 < z < 3. Filled circles show the evolution in stellar mass for galaxies at fixed cumulative number densities of 5 × 10 −6 Mpc −3 and 2 × 10 −4 Mpc −3 . Filled stars show the difference if the evolving cumulative number density for galaxy progenitors ( §2.1) is included. Right panel: Filled circles correspond to those in the left panel (evolution in stellar mass for galaxies at a fixed cumulative number density); error bars show the width of the redshift bin as well as the formal uncertainty in stellar mass at a given cumulative number density from Poisson errors, sample variance, and photometric redshift uncertainties. Including the effects of mergers and scatter in mass accretion histories (filled stars) results in a 0.2 dex change in the inferred mass evolution of 10 11.7 M ⊙ galaxies over this redshift range. An even larger relative effect is seen for 10 11.25 M ⊙ galaxies; despite the smaller redshift range over which they can be tracked (z = 0 − 2 instead of z = 0 − 3) in UltraVISTA, the change in inferred mass evolution is already 0.15 dex. The 68 th -percentile ranges in cumulative number densities at z ∼ 2 are 1.5 dex and 1.3 dex for the 10 11.7 M ⊙ and 10 11.25 M ⊙ galaxy progenitors (respectively) at z ∼ 2, corresponding to 68 th -percentile stellar mass ranges (shaded regions) of ∼ ±0.2 dex for both.
Galaxy Progenitors
In Fig. 1 , we show cumulative number density evolution tracks for the progenitors of 10 9 to 10 11.5 M ⊙ galaxies at z = 0.1, calculated using the technique in §2.1. Cumulative number densities at z = 0.1 were calculated from the stellar mass functions of Moustakas et al. (2013) . As discussed in §2.1, the choice of stellar mass function only affects the initial cumulative number density for a given stellar mass and does not affect the cumulative number density evolution.
As shown in Fig. 1 , a power law describes the increase in cumulative number density towards higher redshifts for most galaxies; the change in cumulative number density is simply (0.16∆z) dex (1) as long as the galaxy's stellar mass is less than ∼ 10 11.2 M ⊙ at z = 0. For ∼ 10 11.5 M ⊙ galaxies at z = 0, this rate increases to ∼ (0.22∆z) dex (Fig. 1) . For larger galaxies at z = 0, we recommend use of the public tool in §2.1, since the change in cumulative number densities is no longer well-fit by a simple power law.
The power-law functional form arises because merger rates are mostly constant per unit halo per unit ∆z, regardless of time or halo mass, and have a largely power-law like dependence on mass ratio (Fakhouri & Ma 2008; Fakhouri et al. 2010; Behroozi et al. 2013b ). More massive halos do have somewhat higher rates of major mergers (Fakhouri & Ma 2008; Fakhouri et al. 2010; Behroozi et al. 2013b) , which contributes to faster evolution in cumulative number densities. Because the median halo mass as a function of stellar mass increases rapidly above 10 11 M ⊙ in galaxy mass (Behroozi et al. 2013b ), the effect is most prominent. For lower stellar masses, the median halo mass changes more slowly, hiding the effect almost entirely. We also note that a major merger in the history of a halo (i.e., a change of 0.2-0.3 dex in its mass over a short time) will have the most impact on its corresponding cumulative number density for massive halos on the exponential tail of the mass function; these are also the halos which host > 10 11 M ⊙ galaxies. As such, for these halos and galaxies, relative rank ordering can change much more easily than for halos and galaxies of lower masses.
As discussed in §4.2, the 68 th -percentile range of progenitor cumulative number densities depends on how scatter in stellar mass at fixed halo mass changes with time. Nonetheless, many qualitative features are robust. For example, larger galaxies' progenitors extend over a larger range in cumulative number densities, as compared to smaller galaxies. This is because a small change in stellar or halo mass equals a larger change in cumulative number density for more massive galaxies. The large range in progenitor cumulative number densities can also result in significant differences between the median and the average progenitor mass. For progenitors of 10 11.5 M ⊙ galaxies, we predict a scatter of about ±0.27 dex in stellar mass at z = 2.75. For log-normal scatter, this would imply that the median progenitor mass would be 0.08 dex less than the average progenitor mass.
Finally, we note that the progenitor cumulative number density ranges of 10 9 and 10 10 M ⊙ galaxies begin to overlap at z = 1.5 in Fig. 1 . Thus, it becomes difficult to tell which galaxies at z = 1.5 become 10 10 M ⊙ galaxies at z = 0, and which become 10 9 M ⊙ galaxies instead. Current surveys are generally not deep enough for this to be a problem; e.g., progenitors of 10 10 M ⊙ galaxies would be less than 10 9 M ⊙ by z = 2, below the completeness limit of most existing surveys (Behroozi et al. 2013b ). Fig. 2 shows cumulative number density evolution tracks for 10 10 M ⊙ galaxies at a range of starting redshifts (z = 1 − 6). Cumulative number densities at the starting redshifts were calculated from the best-fit model stellar mass functions in Behroozi et al. (2013b) . At higher redshifts, > 10 10 M ⊙ galaxies are rarer objects; at z = 6, for example, they are typical progenitors of 10 11.5 M ⊙ galaxies at z = 0. The median evolution in Fig. 2 is very different from Fig. 1 . This is largely due to scatter in mass accretion histories and the shape of the halo mass function. If one selects all progenitors at z = z 1 of halos with a given mass at z = z 2 , many progenitor halos at z 1 will have typical accretion rates for their mass. However, some fraction of halos at z 1 will always have unusually high accretion rates. And, because smaller halos are always more numerous, small halos with high accretion rates will be disproportionately represented in the progenitor selection. This selection effect explains qualitatively why cumulative number densities evolve more rapidly for progenitors than descendants (see also Leja et al. 2013) .
Galaxy Descendants
Another important difference comes because of satellite galaxy mergers. We show in Fig. 3 the fraction of galaxies which are lost due to mergers as a function of redshift for the same starting populations in Fig. 2 . Every surviving galaxy at z = 0 had a progenitor at all higher redshifts; however, a significant fraction of high-redshift galaxies never make it to z = 0. Because satellites cannot accrete matter easily, the likelihood that a galaxy merges has a strong correlation with the mass accretion history of its halo, and correspondingly with the cumulative number density rank of the halo. Unfortunately, because of this strong correlation between mergers and halo rankings, it is difficult to give a clean theoretical interpretation of the shape of the cumulative number density evolution for galaxy descendants.
Sample Calculation
For a concrete example, we calculate the progenitor mass evolution of 10 11.7 M ⊙ galaxies from the UltraVISTA survey (Muzzin et al. 2013a) in Fig. 4 . At z = 0, these have a cumulative number density of 5 × 10 −6 Mpc −3 . Tracking their progenitors at fixed cumulative number density would imply that they had very little (< 0.1 dex) mass evolution from z = 3 to z = 1. Accounting for the effects of mergers gives a much more reasonable 0.2-0.25 dex in mass growth from z = 3 to z = 1 (see, e.g., Behroozi et al. 2013b) . Fig. 4 also shows the progenitor mass evolution of 10 11.25 M ⊙ galaxies. In this case, the relative change in the median progenitor cumulative number densities is less than for the more massive 10 11.7 M ⊙ galaxies. However, due to the shallower slope of the stellar mass function at these masses, the relative change in stellar mass is larger: 0.55 dex instead of 0.3 dex between z = 0 and z ∼ 2. For the same reason, the impact on inferred progenitor stellar masses from using fixed cumulative number densities instead of a more realistic evolving cumulative number density is more pronounced for 10 11.25 M ⊙ galaxies as compared to the 10 11.7 M ⊙ galaxies (Fig. 4, right panel) .
Comparison with Previous Work
These results are in good agreement with those of Leja et al. (2013) , who also find small changes in cumulative number density for descendants of semi-analytically modeled z = 3 galaxies at z = 0. Using the cumulative stellar mass functions in Leja et al. (2013) , our technique gives an implied median stellar mass evolution from z = 3 to z = 0 which differs on average by less than 0.05 dex from their reported values (∼ 0.6 dex of growth for cumulative number densities between 5 × 10 −5 and 8 × 10 −4 Mpc −3 at z = 3). These small differences could arise from their use of a semi-analytical model for galaxy formation, a fuller treatment of scatter in stellar mass at fixed halo mass in Leja et al. (2013) , or a different model for satellite galaxy merger rates (see Guo et al. 2011 ); we may explore these differences in more detail in future work.
4. DISCUSSION 4.1. Progenitors vs. Descendants As explained in §3.2, cumulative number density evolution is different for galaxy progenitors (i.e., backwards-looking comparisons) and galaxy descendants (i.e., forwards-looking comparisons). Which direction to use depends on the targeted science question. As an example, it is most relevant to use backwards-looking comparisons for galaxy star formation histories, as these can be directly compared to histories inferred from galaxy broad-band colors and spectra (e.g., Panter et al. 2007; Tojeiro et al. 2009 ). For examining the fates of specific high-redshift populations at lower redshifts, as in analyzing the clustering evolution of luminous red galaxies (e.g., White et al. 2007; Wake et al. 2008) , using a forward-looking comparison may be more appropriate.
Limitations of Cumulative Number Density Comparisons
Luminosities can be measured fairly consistently across redshifts; however, the same is not necessarily true for stellar masses Muzzin et al. 2009; Behroozi et al. 2010 Behroozi et al. , 2013b . Uncertainties arise because the appropriate priors for galaxies at one redshift may not be correct for galaxies at another redshift; these priors include star formation histories, dust content, the star-forming fraction of galaxies, metallicities, the initial mass function, fitting functions for galaxy light profiles, and many others Behroozi et al. 2010 Behroozi et al. , 2013b Conroy & van Dokkum 2012) . Different pipelines applied to the same survey produce stellar mass functions which can differ in evolution by up to ∼ 0.3 dex in stellar mass (Behroozi et al. 2013b) . However, these uncertainties may well improve in the future.
The evolving quenched fraction (Brammer et al. 2011; Ilbert et al. 2013; Muzzin et al. 2013a) , and the effects of dry stellar mass mergers (Behroozi et al. 2013b; Moster et al. 2013) will also affect this analysis. Strictly speaking, directly converting stellar mass growth into star formation histories only applies for galaxy populations which are mostly star-forming across the entire redshift range considered and which have a low fraction of merger-deposited stellar mass. Both these conditions are likely satisfied for, e.g., MilkyWay sized galaxies at z = 0 (Leitner 2012; Behroozi et al. 2013b) , and for UV-selected massive galaxies at high redshift (Papovich et al. 2011) .
Finally, the scatter in stellar mass at fixed halo mass will influence the inferred 1-σ range of cumulative number densities for galaxy progenitors and descendants. In this paper, we assume that the growth in stellar mass rank order differences with time is the same as the growth in halo mass rank order differences with time. This will be the case in reality if individual galaxy star formation efficiencies depend much more on halo mass than on cosmic time or environment (Behroozi et al. 2013a ). Different assumptionse.g., from semi-analytical or hydrodynamical galaxy formation models-may give different results for the scatter.
With these limitations kept in mind, cumulative number density comparisons provide a simple and valuable way to compare galaxies across cosmic time (Brammer et al. 2011; Papovich et al. 2011; Lin et al. 2013; Muzzin et al. 2013a; van Dokkum et al. 2013; Patel et al. 2013 ).
CONCLUSIONS
We have presented a technique which robustly constrains the median cumulative number density evolution for galaxy populations and provides an estimate for the scatter in progenitor and descendant cumulative number densities ( §2.1). Our conclusions may be summarized as follows:
1. The evolution in cumulative number density for the most-massive progenitor galaxies is almost exactly (0.16∆z) dex for galaxies whose z = 0 descendants have stellar mass < 10 11.2 M ⊙ ( §3.1). Ignoring this effect can lead to errors in inferred stellar mass evolution on the order of 0.2 − 0.3 dex for a ∆z of 3 ( §3.3).
2. For galaxy descendants, there is much less evolution in cumulative number density ( §3.2).
3. For the exact evolution in the median and 1σ range for galaxy cumulative number density evolution, as well as for calculating the corresponding halo mass at fixed cumulative number density and redshift, we provide a public tool at http://code.google.com/p/nd-redshift/ 4. Galaxy cumulative number density comparisons across redshifts currently carry systematic errors in terms of the stellar mass evolution of ∼ 0.3 dex ( §4.2). Luminosity-based comparisons (e.g., for clustering evolution studies) suffer from fewer systematics, provided that the chosen luminosity band correlates more with galaxies' stellar masses than star formation rates.
PB and RHW received support from an HST Theory grant; program number HST-AR-12159.01-A was provided through a grant from STScI, which is operated by AURA under NASA contract NAS5-26555. DM acknowledges support from Tufts University Mellon Research Fellowship in Arts and Sciences. MS received partial support from NASA grants HST-GO-12286.11 and 12060.95. We thank Ramin Skibba and the anonymous referee for helpful feedback.
